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Abstract 

Petri nets have been widely used to model and specify concurrent, distributed systems. 
However, they give no mean to reflect spatial distribution of resources. 

In this work, an extension of P /T Petri -nets is introduced in order to capture the con­
cept of spatial distribution, specifying not only places and events but also how places are 
distributed in sites. 

These new nets, called Local nets, are a very simple extension which is shown to be 
semantics respecting, and to support a methodology for the definition of systems. · 
· Sorne theoretical results are given in order to establish the .basis for a practica! use of 
these nets for specification and verification, and the relation with previous existing models 
is also discussed. 
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1 Introduction 

Petri nets [9) ha ve been widely used to model concurrent systems. In particular, P /T Petri nets 
conform a very useful tool for specification and verification of systems composed of interacting 
entities,since they have a nice graphlcal representation a.Ii.d present algebraic properties which 
allow the use of algebraic techniques for verí:fication [11). 

Petri nets have also been used to specify and analyze complex processes, not only in computer 
science; for example they have be·en usedto help in the definition of big projects. They express 
directly the concept of causalíty and refiect the causal relationshíps between events. However, 
they do not give an idea of dístríbution in space of entities. In particular, no information on 
where a.n event lakes place can be specifiedwith a Petri net. Causality and distribution are 
strongly related, butthey are not the same concept. 

For example, the net of Figure 1 could be given to represent the following process: 

Precess One 

., Two sites of a company, one in Bristol and one in Pisa, start a common development. The 
Grte in Bristol specifies one module ( event sB) and that in Pisa specifies a different one 
(even:t sP). 

• When both sites have finished, they exchange the specifications, in order to have a view 
of the whole project (event ex) . 

., Each si te proceeds to implement its own part ( events iP and iB ). 

In the net of Figure 1, no information on where the events take place, or of how the places 
are grouped together (in Pisa or in Bristol) is given. The same net specifies a.lso the (very 
different) process in which Pisa impkments the module that Bristol has specified and viceversa. 
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Figure 1: The net of Process One 

When information about distribution is taken into account sorne processes that are identified 
using Petri nets have to bé discriminated. Hence, sorne additional information has to be included 
in the specifications. 

One solution could be the use of high level Petri nets (10]. However, for simple examples as 
the one given above, this seems to be an ad-hoc unsatisfactory solution: it requires to move from 
a propositional to a first order theory without a real need for first order features. Moreover, not 
all such nets have nice properties as a simple graphical representation. 

On the other hand, the information about distribution should be orthogonal or independent 
of the underlying net, and it should not be codified inside the net in the form of colored tokens 
or predicates associated to events. In fact, there are three requirements for such an extension: 

L the extension should be semantics respecting, that is, if one associates sorne information 
about distribution and then (s)he forgets it, the resulting net should be equivalent to· the 
one without extra information, 

2. the extension should be orthogonal, since distribution is a different concept, and it has to 
allow one to specify or leave urÍspecified the spatial distribution, and 

3. it has to be flexible enough to pennit the definition of subsites of a given si te (for exa.mple, 
as in a fork operation or when a team is divided to work in different subprojects ), to have 
multiple inheritance of sites (for example, a.ctions which involves more than one place) 
and sites to be destroyed or created. 

Most of the existing models do not satisfy requirement (1) or (2). A simple idea would be 
"to group places together" in sets of places belonging to sorne common si te, but it is easy to see 
that this idea do not satisfy the flexibility requirements of (3). 

The problem of localities has been studied in the context of process description languages 
[7] by G. Boudol, l. Castella.ni, M. Hennesy and A. Kiehn [2]. In this work, the ideas of [2] are 
applied to the field of nets, defining Local nets as an extension of P /T Petri nets which satisfies 
the requirements stated above. 
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Figure 2: The local net of Process One 

For example, the net offigure 1 can be extended with spatial information represented graph­
ically as ares inside the events to specify correctly the Process One. The extended net is shown 
in figure 2. 

In this net, it is shown that the are from Pisa causing the event ex continues with the line 
that causes the event iP. Notice that this information is not the same as having individual 
tokens. If the extra· ares of the net are deleted (turning transparent boxes into opaque ones), 
the net of figure 1 is obtained. 

VVith this extension, the same properties of nets are still valid and the same verification 
mechanisms can be used. Moreover, extending existing procedures to ta.ke into account the 
spatial distribution is easy. 

Section 2 recalls the main definitions of P /T Petri nets. Section 3 introduce local nets, and 
include sorne definitions and theorems to support the use of these nets for specification. 

2 Background: P /T Petri Nets .and Boolean Algebras 

In this section, the main definitions of P /T nets a.nd of la.ttices are recalled. For a complete 
presentation of Petri nets, the reader can refer to [9). For the definitions a.bout algebra, the 
reader can refer to [3). 

· Definition 2.1 P /T Net 
A net N = (S, T, W, JJ10 ) con.sists of disjoint sets S ami T of places and tnmsitions, the weight 
function vV : S x TU T x S -+ NI a.nd the initia.l ma.rking M o : S -+ NI, whe·re JVI m·e the natuml 
nmnbers. 

Definition 2.2 Pre and post sets 
Given a net N = (S, T, TiV;l\1o) a.nd an element x E S U T, 

o the pTe-set of x is •x = {y E S U T 1 W(y, x) # O} 
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" the post-set ojx is x• ={y E SUTIW(x,y) :f- O} 

Definition 2.3 Markings and enabling 
Given a net N = (S, T, W, M o), a marking is a junction M : S -+ M. A transition t E T is 
enabledunder. a marking M, der;oted M[t > ij jor all s E S, we have M(s) 2: W(s, t). An 
enabled transitíon may occur, producing a follower marking M', written M[t > M', if M{t > 
and M'(s) = M(s)- W(s,t) + W(t,s) jor all sE S. 

The previous definition and notation is genera.lized for multisets of transítions G, a.nd we 
wrlte M[G >M'. In this case, M[G >M' is called a step. 

A marking Mis called reachable if for sorne sequence of steps G1 ... Gn we ha ve that M o[ G¡ > · 
M1 ... [Gn > M, and it is called saje if for all sE S, it holds that M(s) :<::: l. A net is called 
safe if ail its reachable markings are safe. 

Definition 2.4 Processes 
The tuple TI= (B,E,F,p) is said to be a process Ój a given saje net N ijiT = (B,E,F) is a 
saje net with no initial marking and p is afunction jrom BU E to S U T, such that the jollowing 
conditions hold: 

" the graph defined by (BU E, F) is acyclic. 

e jor all bE B we have ¡•bl ~ 1 and lb"l :<::: 1 

o p maps elements oj B to elements oj S and elements oj E to elements oj T and the initial 
places1 oj TI to the places e such that Mo( e) = 1 

"jor each e E E andjor all sE S, W(s,p(e)) = ¡p-1 (s)n°el andW(p(e),s) = ¡p-1(s)ne"l 

From the definition of a_process of a safe net, it is possible to construct a partial arder of 
events, representing the causal relations of occurrÉmces of transitions in the process. Hence, to 
a computation of the net it is associated a partial arder in the following way: 

Definition 2.5 From processes -to pa.rtial orders 
Let IT = ( B, E, F, p) be a process oj a saje net N. We as socia te to it the partía/ order (E, :<:::), 

where e $·e' iff (e, e') E F*, where F* denotes the refiexive and transitive closure oj F. 

In this order, e :<::: e' rrieans tha.t e is a. necessary_ condition for e' to occur. 

Notation 2.1 Let L = (D, :<:::) be a non-empty ordered set. We write x 1\ y jor the least upper 
bound of { :i:, y} and .x V y for its greatest lower bound. Similarly, if S <;;; D, we write V S jor its 
least upper bound andA Sfor its greatest lower bound. 

Defi.nition 2.6 Let L = (D, :<:::) be a non-empty ordered set .. The structure L is a complete 
lattice iff V S and A S exist for all S <;;; D. . 

Definition 2. '1 A. lattice L is said to be distributive if it satisfies: 

('v'a, b, e E L) a 1\ (b V e) = (a 1\ b) V (a 1\ e) 

Definition 2.8 A boolean algebro is a structure (B, V,/\,1 ,0, 1) such that (B, V,/\) is a distribu­
tive lattice, a V O= a= a 1\ 1, a E B, aVa' = 1 anda 1\ a'= O for all a E B 

1 The initial plo.ces bofa process are the pla.ces such that "b = 0. 
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3 Local Nets 

In this section the proposed extension of Petri nets, namely Local nets, are introduced, 
sorne results about them are presented. 

Definition 3.1 Local Net 
A Local net L = (S,T, W,Mo,R) is such that (S,T, W,Mo) is a net and Re;;: (S X T X S) the 
local relation su.ch that (s,t,s') E R implies W(s,t);::: 1 and W(t',s');::: l. 

The local relation R is the relation that tells us which places are in the same location. T~u;,t 
is, ( s, t, s') E R can be interpreted as " when event t occurs s' is at the same physical pla.se 
s". 

One interesting point of Local nets is that the graphical representation of Petrí nets is not 
lost: the relation R can be drawn as ares inside the boxes of the net. 

Many examples of Petri. nets specifications describe intuitively the system as composed of 
components: a process anda buffer, a producer anda consumer, readers, writers andan arbiter. 
However, from the description given in the net there is no way of recovering these agents, which 
play an important role in the intuitive understanding. Moreover, when the examples become 
more complex, it is difficult even tb recognize in the graphical representation the different agents 
that interact in the system. From the Local net description, it is easy to individuate the diff2rent 
agents. In a previous work [4) the relation between automata describing individual.behavüm:cs 
and nets describing the whole system has been studied. The notion oflocal behaviours 
different subprocesses of a global system has been used previously without a formal basis. See 
for instance [1], where partial orders of events are classified in threads of control in order ';o 

introduce sorne concepts of parallel programming. 
The second requirement discussed in the introduction was not to loose the properties we 

already have for P /T nets. In fact, it is possible to "forget" the additional structure withoc:t 
affecting the meaning of the net. 

Definition 3.2 Given a Local net L 
(S,T, W,Mo). 

(S,T,W,Mo,R), we associate to ita net 

Here two immediate facts relating the behaviour of L and that of U( L) are stated: : 

Fact 3.1 Let L = (S,T, W, Mo, R) be a Local net. Then, Mo[G1 > M1 ... [Gn > M is a step 
sequence ojU(L) ij and only ij Mo[Gl > M1 ... [Gn >Mis a step sequence oj L. 

Fact 3.2 Let L be a saje Local net. Then, U(L) is also saje. 

Processes of Petri nets are defined as a sub-class of nets without confl.ict and cycles. In t[,.~ 
same way, processes of Local nets are just Localnets. with the same con(iitions. 

Definition 3.3 A Local process A= (B, E,F,p, V) oj a saje Local net L = (S, T, W,Mo, is 
su eh that ( B, E, F, V) is a saje Local net without initial marking, and ( B, E, F,p) is a process of 
(S, T, W, M0 ), and V ve rifles that p(b) = s and p(b') = s' and p( e) = t and ( s,t, s') E R implies 
that (b, e, b') E V. 

Theorem 3.1 Let L be a saje Local net and let A be a process of L. Then, the jollowing di.2gmm 
commutes: 
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L----+-U(L) 

1 L 
Tf:¡at is, if A is a pmoess of L, .then U( A) is a process ofU(L). 

A computa.tion o(a Local net does not genera.te a. partial order, but a. richer stru_cture. 

De:finiticm 3.4 A colored partial order is a structure (D,::;,!;;;) such that (D,::;) and (D,!;;;) 
are· partidl orders and d !;;; d' implies d ::; d'. 

Colored partial orders ha.ve been introduced in [8] as structures for giving semantics to 
process description languages which ta.ke into account both causal dependencies and spa.tial 
distribution. They are called colored partial orders because, siflce !;;; ~ ::;, it is possible to 
represent a finite 'colored partial order (D, ::;, !;;;) with the partial order dia.gram of (D, ::;), 
where the ares belonging also to !;;; are· ma.rked with a di:fferent color. ' 

This definition permits to establish a connection between the theory of Local nets and the 
theory of loca.tion equivalence for process description langua.ges. In fact, in [5] it is proved 
that localities + causality = local/global causes, which is an equivalence introduced for the ces 
langua.ge [7] gluing together spa.tial and causal information, while in [8] it is shown that the 
semantics of local/global causes correspond to the semantics obtained using colored partial 
orders as observa,tion domain. Hence, this cha.racterization of computa.tions of Local nets as 
colored pa.rtial orders o:ffers a common langua.ge for computations (both of nets a.nd of process 
description la.ngua.ges) re:fl.ecting causal and spatial information. · 

As a corolla.ry of the previous lemma. we can show how to obtain a. colored partial order from 
a Local process and how to recover the causal rela.tion from the colored partial order. 

,.,Corollary 3.1 Let A= (13,E,F,p, V) be a Local process of a Local net L. Let e= (E,::;,¡;;;) 
be the structure where E is the set of transitions of the process, e ::; e' iff (e, e') E F*, and 
e !;;; e' ift (e ::; e' and 3b, b', b" E B .(b, e, b'), (b', e', b'1) E V)*, wheré R* denotes the reflexive and 
transitive closure of the relation R. Then, · · · · 

1. e is a colored partial arder,_ and 

2. the partial order (E,::;) is the partial order assor-:iated with U( A). 

The following result characterize the strncture óf the local nets. corresponding to a. given 
P/T net. · ' 

Definition 3.5 Let N= (S,T,.W,Mo) be a."finite P/T net (i.e. a P/T net such that S and T 
are finite). Then, LN ={local netsL IU(L) =N} forms an ordered set with the ·inclusion order 
(S,T, W,Mo,R)::; (S,T, W,Mo,R') {ffR ~ R'.. . 

All the local nets corresponding to a P /T net form an ordered set. In this set we have all 
the forms in which the spatial inforina.tion can be incorpora.ted in the net, This pa.rtial order 
turns out to be. a complete la.ttice. However, lattices ha.ve few structure, which is not of much 
help when specifying systems. In fact, the set LN forms a. boolean algebra, which is a richer 
structure with more operations. · · 
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Figure 3: The. boolean algebra. of the fork opera.tion 

Lemma 3.1 Given a finite P/T net N, the set r.;. forms a boolean algebra. 

Proof: Let iv = (S,T, W;Mo). From the cha.ra.cteriza.tion theorem for finite boolea.n algebras 
[3, pages 16:4- 165), we have that LN is a. boolean algebra. iff it is is_omorphic to the powerset 
of the atoms of LN ordered by inclusion. It is ea.sy to check tha.t the set of a.toms of LN is the 
set A= {((s,t,'s')) E (S x T x S) such tha.t W(s, t) ~ 1 and W(t,s') ~ 1} It is immedia.te tha.t 
LN is isomorphic to p(A), and hence it is a. boolea.n algebra.. O 

Example. 3.1 Let N be the Petri net which specifies a fork operation. The boolean algebra LN 
associated to N is shown in figure 3. It has four elements, one corresponding to each spa~ial 
distribution: the bottom element leaves the spatial distribution unspecified, there are two nets 
for the UNIX like fork operation (where the parent process continues and one child is created) 
and the top specifies the division of a• team in two subteams. Notice that using local nets it is 
possible to specify different kinds of fork Qperations, while with standard nets this is not possible. 

Rene€, we have now sorne opera.tions over local nets which suggést a natural two-step 
methodology in the definition of distributed systems: 

l. Define a Petri net specifying the causal relationships in the system. 

2. In. the boolean algebra oflocal nets corresponding to the net of the previous step, choose 
one element. 

With the help of lemma. 3.1 the second step can be performed joining a.nd meeting nets, 
ta.king complements, etc. 

The structure proposed provides a ba.sis for a. la.ngua.ge for spatial distribution. In fa.ct, a. 
very simple la.ngua.ge (with the opera.tions of the algebra. as constructors) .can be defined, and 
in this way a. local net can be specified with a P /T Petri net a.nd an expre~sion of this langua.ge. 
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4 Conclusions and Further Work 

The main result of this work is the definition of a simple extension of Petri nets (Local nets) able 
to specify spatial distribution without loosing interesting properties of nets and incorporating 
as few information as possible. 

Sorne theoretical results are given in order to provide a basis for the use of Local nets in 
specifications: theorem 3.1 shows that the extension is semantics-respecting, corollary 3J. 
relates this approach with a previous one in the field of process algebras {2] and lemma 3.1 gives 
a characterization of the structure of the local nets corresponding toa given :fixed net. 

The work.presented here can be extended in two.ways. From the definition of local processes 
and using the same techniques applied in the definition of colored partial orders, to define local 
event structures, extending event structures [12) with spatial information. The second extension 
would be tó define local nets inside the algebraic context of [6). 
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